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Imputation

I Imputation consists in replacing each missing value by (a)
plausible value(s)

I Objective: applying a statistical analysis despite missing
values

I Two kinds of methods

I single imputation: replacement by a unique one value

I multiple imputation: replacement by several values
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Missing values

Two kinds of missing values

I values which are not observed, but exist Ex: temperature is
missing for one patient

I values that are not observed because they would have no
sense! Ex: date of death is missing for a living patient

Here, we focus on values which are not observed, but exist.
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Single imputation

Assuming only one (continuous) variable is incomplete, several
classical methods can be used

I mean

I median

I sampling observed data

I regression

I stochastic regression

I PCA
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Examples
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Typology of single imputation methods

I parametric (ex: stochastic regression)
I advantages: performs well on small datasets
I drawbacks: sensitive to the model specification

I non-parametric (ex: knn, random forest)
I advantages: preserves the nature of the variables
I drawbacks: requires a large number of individuals

I semi-parametric (ex: predictive mean matching)
I advantages: preserves the nature of the variables, more

robust to model misspecification
I drawbacks: requires a moderate number of individuals
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Single imputation is a limited approach

I n = 150, p = 2
I missing values on X2 (MAR)
I parameter: Q = E[X2]
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I The estimator of Q is
unbiased

I The estimator of Var
(

Q̂
)
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downwardly biased 7
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Notations and vocabulary (1)

I n: number of individuals

I p: number of variables

I Xn×p: the full data matrix (partially unknown)

I Rn×p : the missing data pattern R = (rij) 1 ≤ i ≤ n
1 ≤ j ≤ p

with rij = 0

if xij is missing and 1 otherwise

I xobs
i observed profile of the individual i et xmiss

i the
unobserved profile
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Notations and vocabulary (2)

Xn×p, Rn×p, xobs
i et xmiss

i can be seen as realisations of random
variables

I X = (X1, . . . ,Xp): random variables associated to Xn×p

I R = (R1, . . . ,Rp) random variables associated to Rn×p

I X obs and X miss : random variables associated to observed
and unobserved parts of X so that X =

(
X obs,X miss)

I f (X ; γ) complete data distribution

10



Multiple imputation (Rubin, 1987)

1. Generate a set of M parameters (γm)1≤m≤M of an imputation
model to generate M plausible imputed data sets

P
(

Xmiss|Xobs,γ1

)
. . . . . . . . . P

(
Xmiss|Xobs,γM

)
(F̂ û′)ij (F̂ û′)1ij + ε

1

ij (F̂ û′)2ij + ε
2

ij
(F̂ û′)3ij + ε

3

ij (F̂ û′)Bij + ε
B
ij

2. Fit the analysis model on each imputed data set

3. Combine the results using Rubin’s rules

⇒ Provide estimation of the parameters and of their variability
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Theoretical foundations (1)

I Q a quantity of interest (mean, correlation coefficient,
regression coefficient, ...)

I Adopting a bayesian point of view, we aim to infer f (Q|Xobs)

(f (Q|Xobs,R) in the non-ignorable case)

I However, f (Q|Xobs) is generally intractable...

f
(

Q|Xobs
)

=

∫
f
(

Q|Xobs,Xmiss
)

︸ ︷︷ ︸
posterior

f
(

Xmiss|Xobs
)

︸ ︷︷ ︸
predictive distribution

dXmiss

≈ 1
M

M∑
m=1

f
(

Q|Xobs,Xmiss
m

)
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Theoretical foundations (2)

We are generally interested in the expectation and variance of
the posterior distribution only

I E
(
Q|Xobs) = E

(
E
(
Q|Xobs,Xmiss) |Xobs)

QMI ≈ 1
M

∑M
m=1 Q̂m

I V
(
Q|Xobs) = E

(
V
(
Q|Xobs,Xmiss) |Xobs)+ V

(
E
(
Q|Xobs,Xmiss) |Xobs)

T ≈ 1
M

∑M
m=1 Um + 1

M−1

∑M
m=1

(
Q̂m −QMI

)2
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MI = M×SI?

I n = 150, p = 2
I missing values on X2 (MAR)
I parameter: E[X2]
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Theory assumes f
(
Xmiss|Xobs) is known
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Predictive distribution

f
(

Xmiss|Xobs
)
=

∫
f
(

Xmiss|Xobs,γ
)

f
(
γ|Xobs

)
dγ

Imputation step consists in

1. generating M values of γ from f
(
γ|Xobs)

2. imputing Xmiss from f
(
Xmiss|Xobs; γm

)

By following these two steps, the MI procedure is said proper
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Generation of (γm)1≤m≤M

I Bayesian
I Prior distribution p(γ)
I Derive the posterior distribution p(γ|Z obs)

(Data-Augmentation)
I Draw from p(γ|Z obs) M times

I Non-parametric Bootstrap
I Sampling observations with replacement M times
I Estimate γm from each bootstrap sample (EM)

I Sampling from the asymptotic distribution
I For asymptotically Gaussian estimator, estimate mean and

variance
I Draw M values from N

(
γ̂,V̂ar (γ̂)

)
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Example

I n = 150, p = 2
I missing values on X2 (MAR)
I parameter: E[X2]
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The gold standard (Schafer, 1997)
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Some imputation models for continuous data

Many imputation models based on the multivariate normal
distribution (Joint modelling)

Model R package
Schafer (1997) Gaussian model / Bayesian norm
Honaker et al. (2011) Gaussian model / Bootstrap Amelia
Quartagno and Carpenter (2016) multivariate LMM/ Bayesian jomo
Schafer (1997) multivariate LMM/ Bayesian pan

However

I the Gaussian distribution can be inappropriate with a
moderate/large number of variables

I models have many parameters leading to overfitting with a small
number of observations
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Fully conditional specification

Instead of specifying one joint distribution P (X ; γ), a
conditional distribution is specified for each (incomplete)
variable P

(
Xj |X−j ; γ j

)
Ex : P

(
Xj |X−j ; γ j

)
= N (X−jβ,σ

2) γ j = (β,σ)

To impute the mth data set

I initialize xmiss
i for all i

I for j in 1 ... p
a generate γ j based on observed individuals on Xj

b impute X miss
j according to P (Xj |X−j ; γ j)

I repeat until convergence

21



Relationship between JM and FCS

FCS is close to a Gibbs sampler, but

I In a Gibbs sampler, a joint distribution P (X ; γ) is specified
and conditional models P

(
Xj |X−j ; γ j

)
(1 ≤ j ≤ p) are

accordingly chosen
I In FCS, conditional models are specified and convergence

to an unknown joint distribution is expected

⇒When conditional imputation models are specified from a
joint model, FCS MI is equivalent to JM MI.

Ex: JM by multivariate gaussian model = FCS by linear
regression (Hughes et al., 2014)
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FCS pros and cons

Pros
I sparsity
I accounting for interactions effects
I addressing outliers
I semi or non-parametric models

Cons
I time consuming
I no theoretical guaranties (except in specific cases)
I checking convergence is not possible with a large number

of variables

23



Predictive mean matching
Instead of drawing X miss

j ∼ P (Xj |X−j ; γ j)

1. identify a set of D donors (complete on Xj ) according to a
matching type

2. draw a donor d
3. impute xmiss

ij according to xobs
dj

Matching types

x̂ij (receveur) x̂dj (donneur)
Type 0 : β̂0 +

∑
j′ 6=j β̂j′xi j′ β̂0 +

∑
j′ 6=j β̂j′xdj′

Type 1 : β̂0 +
∑

j′ 6=j β̂j′xi j′ β̇0 +
∑

j′ 6=j β̇j′xdj′

Type 2 : β̇0 +
∑

j′ 6=j β̇j′xi j′ β̇0 +
∑

j′ 6=j β̇j′xdj′

Type 3 : β̇0 +
∑

j′ 6=j β̇j′xi j′ β̈0 +
∑

j′ 6=j β̈j′xdj′

Properties
I similar performances when the imputation model is well specified
I better performances otherwise

24
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Congeniality

I In an ideal world, the imputation model would be based on
the true data model. Then, any analysis model could be
applied

I In a real world, the true distribution for P (X ; γ) is
unknown... and the imputation model is usually
misspecified

I To avoid a bias due to the imputation step, the imputation
model should be in lines with the assumptions related to
the analysis model

⇒ Both models should be congenial
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Example (Schafer, 1997)

I model 1: Z3 = β0 + β1Z1 + β2Z2 + ε I model 2: Z3 = β0 + β1Z1 + ε

If the true model is (2)
I (2) + (2)→ congenial I (1) + (2)→ uncongenial, but

conservative

If the true model is (1)
I (1) + (1)→ congenial I (2) + (1)→ uncongenial, biased

⇒ The imputation model should not impose restrictions on unknown
parameters

27



Model fitting
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JM

Categorical data

I log-linear model (Schafer, 1997)
I latent class model (Vidotto et al., 2015)
I multiple correspondences analysis (Audigier et al., 2017)

Mixed data

I general location model (Schafer, 1997)
I multivariate probit model (Boscardin et al., 2008; He, 2012)
I nonparametric bayesian joint models (Murray and Reiter,

2016)
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FCS

I random forest

I logistic regression

I linear discriminant analysis

I cart

I Polytomous logistic regression
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R packages

JM FCS
norm mice, micemd, miceMNAR
Amelia mi
cat Baboon
mix VIM
missMDA
jomo
DPImputeCont (github)
NPBayesImputeCat
MixedDataImpute (not avai-
lable since R 4.0.0)
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In summary

I MI allows inference missing values (no bias on SE)

I MI separates the missing data issue and the analysis step
imputation model6=analysis model!

I advantages: relevant for problems where direct inference is
difficult

I drawbacks: uncongeniality
I if both models are identical, no benefit compared to direct

methods

I A large number of imputation models are available in R
packages (Josse et al., 2021)
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Complements

I Most of methods assume a MAR mechanism

I The robustness to its violation is performed a posteriori using a
sensitivity analysis (Leacy et al., 2017)

I MI allows building confidence intervals and statistical tests for
scalar quantities of interest or vectors

I Rubin’s rules are essentially tailored for (generalized) linear
models (less clear for variable selection, clustering, etc)
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